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BACKGROUND
Free surface flows under the influence of magnetic fields can be found
in numerous applications, such as casting and welding. Numerical sim-
ulations can be used for the prediction of flow and interface behaviour,
but validation of the deformation of the interface by the magnetic field
is not straightforward.

GOAL
Validation of combined MHD/free surface solvers by means of an ana-
lytic problem.

CASE

•We have a layer of liquid with high conductivity (σc). On top of this
is a fluid with negligible density, viscosity and conductivity. A po-
tential difference φH−φC is put across this layer, as well as a linearly
increasing magnetic field~b =−b0(1+αx)ẑ
•The unbalance of the net Lorentz force on the bulk of the fluid will

cause the fluid to recirculate
•The interface is constrained by the surface tension force

ANALYTIC SOLUTION
The analytic solution is based on
•Lubrication theory (A = d

l < 1)
•Matched asymptotic expansions (strictly horizontal velocity away

from side-walls)
With assumptions

•N =
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lb0
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N is the magnetic interaction parameter and Ca the capillary number, u∗

a typical velocity, σt the surface tension, ρ the density and ν kinematic
viscosity of the bottom layer.

Solution strategy
1. Stream function formulation for the flow to eliminate pressure
2. Asymptotic expansion and collect terms in the same order of magni-

tude
3. Solve equations given the boundary conditions
4. Calculate the pressure distribution
5. Derive the surface elevation
Following these steps finally results in
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CONCLUSIONS
•We found the analytical solution to a steady-state free surface flow

under the influence of a magnetic field and electric potential difference
•Solving the free surface flow (either using VOF or moving mesh) to-

gether with the MHD equations is validated with the analytical eleva-
tion


