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Background & Motivation



Background

Computational 
Solid Mechanics

Finite Element 
Method

Historically

=

… but alternative approaches, such as 
the Finite Volume Method, are gaining 
traction …



Motivation

There are a number of motivations for pursuing 
FV-based solid mechanics:
• complex nonlinear multi-physics 

applications
• Fluid-Solid Interaction  within the same 

numerical framework
• the relative success of OpenFOAM for CFD 

has led to a desire for equivalent solid 
mechanics procedures within the library

• academic interest …

Let’s look at some of the latest FV solid 
mechanics in OpenFOAM.



Finite Volume Method
for Solid Mechanics
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Conservation of Linear Momentum

Mathematical Model
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Let us consider two contrasting constitutive relations:

� = 2µ✏+ � tr(✏)I

Hooke’s law (small strains/rotations, linear):

Neo-Hookean hyperelastoplastic law (large strains/rotations nonlinear):
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Calculated from Mises-Huber-Levy J2 plasticity



Inserting the constitutive relation into the governing equation gives 
the mathematical model:
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Hookean linear elastic solid:

Neo-Hookean nonlinear hyperelastoplastic solid (updated Lagrangian formulation):



Solution algorithm: block-coupled 

⇢
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fvm::laplacian fvm::laplacianTranspose fvm::laplacianTrace

Hookean linear elastic solid:

… not implemented in OpenFOAM …
                        … we need to do it ourselves.



Solution algorithm: segregated 

fvm::laplacian fvc::div

Neo-Hookean nonlinear hyperelastoplastic solid:
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Block-Coupled Challenges:
Equation

Discretisation



Normal derivatives approximated using central differencing

Normal Gradient Discretisation
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Figure 1. Polyhedral control volume (cell).

volumetric face flux. Cell volume V n
P , V o

P and V oo
P and volumetric face flux V̇f are calculated directly from

geometric considerations and satisfy the discrete form of the SCL.2

III. Automatic Mesh Motion

Objective of automatic mesh motion is to accommodate externally prescribed boundary deformation by
changing positions of mesh points. During motion, the mesh must remain geometrically valid;3 this condition
reduces to preservation of cell and face convexness and mesh non-orthogonality bounds.

III.A. Problem Definition and Validity Constraints

A general mesh deformation problem can be stated as follows. Let D represent a domain configuration at a
given time t with its bounding surface B and a valid computational mesh, Fig. 2. During a time interval �t,
D changes shape into a new configuration D�. A mapping between D and D� is sought such that the mesh
on D forms a valid mesh on D� with minimal distortion of control volumes.

Initial configuration Deformed configuration

r r’

D’Dt t + dt

B’B

B B’

xx

y y

Figure 2. Mesh deformation problem.

Mesh validity constraints indicate that a domain could be considered as a linear elastic solid body under
large deformation, governed by the Piola-Kircho� stress-strain formulation. This is a non-linear equation
and thus expensive to solve; in this study, a numerically cheaper Laplace equation with variable di�usivity
is used instead.

A number of similar attempts has been reported in the past, ranging from cell-centred mesh motion
solution (followed by cell-to-point interpolation), linear and non-linear spring analogy, torsional springs
etc. In all cases, the critical component is control of discretisation error in the motion equation: it is this
component that brings about deformation errors and algorithmic breakdown. A further complication is
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Figure 1. General Polyhedral Control Volume (Adapted from [2, 37])

into normal and tangential components [13]:
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where rn = nn · r designates a normal derivate, and rt = (I � nn) · r designates a tangential
derivative; subscripts n and t represent the normal and tangential components of a vector,
respectively.

Normal Derivative Terms The surface integrals may be replaced by a sum over the faces of a control
volume, and assuming a linear variation of displacement u across the control volume, a second-
order FV discretisation may be applied. The normal derivative terms (rn) on face f are discretised
as follows:
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where subscript f refers to values at control volume faces, and the vector �f =
df

df ·nf
[38]. The

first term on the right-hand side assumes orthogonality of the mesh and discretises the normal
derivative using central differencing. The second term on the right-hand side, which contains the
tangential gradient rtu, corrects for any mesh non-orthogonality, where the correction vector

Copyright c� 0000 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng (0000)
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non-orthogonal correction implicitly 
discretised (see next slide); even gradient 
term is treated implicitly!
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volumetric face flux. Cell volume V n
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A general mesh deformation problem can be stated as follows. Let D represent a domain configuration at a
given time t with its bounding surface B and a valid computational mesh, Fig. 2. During a time interval ∆t,
D changes shape into a new configuration D′. A mapping between D and D′ is sought such that the mesh
on D forms a valid mesh on D′ with minimal distortion of control volumes.
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Figure 2. Mesh deformation problem.

Mesh validity constraints indicate that a domain could be considered as a linear elastic solid body under
large deformation, governed by the Piola-Kirchoff stress-strain formulation. This is a non-linear equation
and thus expensive to solve; in this study, a numerically cheaper Laplace equation with variable diffusivity
is used instead.

A number of similar attempts has been reported in the past, ranging from cell-centred mesh motion
solution (followed by cell-to-point interpolation), linear and non-linear spring analogy, torsional springs
etc. In all cases, the critical component is control of discretisation error in the motion equation: it is this
component that brings about deformation errors and algorithmic breakdown. A further complication is
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Tangential derivatives approximated using Finite Area 
Method

Tangential Gradient Discretisation

A BLOCK-COUPLED FINITE VOLUME METHODOLOGY FOR LINEAR ELASTICITY 5

is kf = nf � �f . Implicit discretisation of the tangential gradient is given in the subsequent
subsection. It should be noted that non-orthogonal correction is treated in a fully implicit coupled
manner, in contrast to the standard iterative explicit lagged/deferred correction approach [2, 39].
The effect of implicit treatment of non-orthogonal correction is presented in the test cases section.

The normal derivative of the displacement tangential component rnut is discretised in a similar
way to the normal derivative of the displacement normal component rnun:
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Tangential Derivative Terms As with the normal derivative terms above, the surface integral over
tangential derivative terms is converted to a sum over control volume faces:

I

�

[µrtun + �rtut] d|�| =
X

f

[µf (rtun)f + �f (rtut)f ] |�f | (10)

The tangential face derivates, (rtun)f and (rtut)f , are then calculated directly on face f using
a face-centred Finite Area (FA) approach and the face-Gauss method [40–42]:

(rtun)f =
1

|�f |
X

e

me(un)e Le (11)

where subscript e refers to an edge of face f , Le is the length of edge e (see Figure 2), and the
summation is performed over all edges enclosing face f . The edge-centre unit bi-normal vector me

is calculated as follows:

me = ê ⇥ �f (12)

where ê is the unit vector parallel with the edge e, and operator ⇥ designates a cross product.
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Figure 2. Polygonal Control Area
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The edge-centre displacement components, (u
n

)
e

and (u
t

)
e

, are approximated as the average of
the edge e end-points, assuming a linear variation:

(u)
e

⇡ 1

2
[(u)

ep1 + (u)
ep2] (12)

where the edge end-point displacements, (u)
ep1 and (u)

ep2, may be approximated in terms of the
neighbouring cell-centre values using a weighted least squares interpolation with linear fit function
[13, 34]:
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(13)

where subscript j indicates the so-called point-cell neighbours (cells that contain the current
point) and boundary face centres (boundary faces that contain the current point), and n is the total
number of point-cell neighbours around the point; the reference position r

i0 and reference field
value u

i0 are calculated directly as the weighted average of cell-centre and boundary face positions
and cell-centre and boundary face field values. The point-cell weights !

i

can be calculated in a
number of ways: in the current study an arithmetic average is used, alternatively the weights could
be based on the inverse of the distance or its square. C

i

is the unknown least squares coefficient
vector (three components):

C
i

=
⇥
(XT WX)�1XT W

⇤
· u�i

(14)

where u�i

is the vector consisting of the quantity u
i

� u
i0 for all cells in the interpolation stencil74

of point i, W is the diagonal matrix consisting of weighting factors for all cells in the interpolation75

stencil of point i and X is the n ⇥ 3 matrix whose row j is position vector r
ij

� r
i0 of the cell76

j in the interpolation stencil of the point i. This FA method with least squares cell-centre-to-point77

interpolation has been presented previously by Tuković et al. [34] for explicit calculation of face78

tangential derivatives; the current articles outlines an implicit implementation of this method.79

The discretised form of the tangential derivative of normal component term is:
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In a similar fashion, the tangential derivative of the displacement tangential component can be
discretised, where it is noted that m
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where it should be noted that the magnitude of the face area vector �
f

does not feature in either of80

the final discretised tangential terms but instead the edge lengths L

e

.81

The non-orthogonal correction terms that appear in Equations 7 and 8, which contain tangential82

derivatives, are discretised in the same manner as Equations 15 and 16. It should be noted that83

discretisation is second order in space and strongly conservative. Additionally, the resulting sparse84

solution matrix will be symmetric in structure but the coefficients will be asymmetric, potentially85

leading to higher memory and computation costs; however, as will be shown in the test cases section,86

the resulting method is shown to be efficient in terms of memory and computation time.87

At this point it is worth mentioning differences with the method developed by Das et al. [25] for88

discretisation of face tangential gradients. As described, the current approach calculates tangential89

derivatives of displacement directly at control volume faces; in contrast, the approach of Das90

et al. [25] calculates tangential derivatives at control volume centres and linearly interpolates91

these gradients to the control volume faces. Through interpolation of cell-centre gradients, the92

computational molecule includes two levels of neighbour cells (so-called 2nd neighbours) around93

a given control volume, whereas in the current approach a smaller computational molecule is94

required where neighbours which share a mesh point with the current control volume are included.95

In addition to an increase in accuracy, the smaller computational molecule results in a less dense96

matrix within the resulting linear system. It should be noted that Das et al. [25] incorrectly refers to97

the discretisation procedure as linearisation of the stress tensor; under the adopted assumption of98

a linear elastic material undergoing small strains and small rotations, the governing momentum99

equation is linear in displacement and as such no linearisation is necessary. The two terms100

containing tangential gradients, r · (ru)T and r · tr(ru)I, introduce inter-component coupling101

within the momentum equation but do not introduce any nonlinearity.102

Boundary Conditions Traditionally cell-centred FV methods incorporate boundary condition103

equations directly into the governing discretised equation for control volumes adjacent to the104

boundary; this method was initially trialled for the current methodology; however, implicit105

calculation of tangential gradients along near-boundary faces (those with points on the boundary106

but not on the boundary themselves) becomes excessively complicated. Consequently, boundary107
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Block-Coupled Challenges:
Implementation

solve
(
    magic::div(sigma)
)



Sparse Matrices in OpenFOAM
OpenFOAM fvMesh uses a sparse matrix addressing based on the mesh internal 
faces: only near-neighbours may be included implicitly in the matrix.
BUT, we require cell-point-cell neighbours to be included implicitly. 

N N

N

N

P

N N

N N

PN N

N

N



New Sparse Matrix Addressing Required
Let us refer to the matrix connections as implicit bonds 
• Standard addressing allows implicit bonds with face neighbours
• New addressing must allow implicit bonds with point neighbours
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Benchmark Cases
Linear



Out-of-Plane Bending of an Elliptic Plate18 P. CARDIFF ET AL.
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BENCHMARK SOLUTIONS 1903

Figure 11. Numerical grids used for prediction of a thick plate bending

The v displacement component along y = 0; z = 0 varies non-linearly, as shown in Figure 10.
Here a non-monotonic convergence towards a grid-independent solution is observed. There is a
small increase in v after the &rst re&nement, and thereafter the values are reducing. Note that the
scale has been largely stretched to show this behaviour.
The maximum error on the &nest grid for all quantities is estimated to be less than 0·5 per cent.

Average errors in pro&les presented in Figures 8, 9 and 10 are of the order of 0·1 per cent. These
results are therefore suitable for testing the accuracy of solution methods.

4.3. Bending of a thick plate

A thick elliptic plate with a centred elliptic hole, fully clamped at the outside edge
and loaded by a constant pressure of 1MPa at the upper surface, was proposed as a test case by

? 1997 by John Wiley & Sons, Ltd. INT. J. NUMER. METHODS ENG., VOL. 40: 1893–1908 (1997)
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Figure 8. Out-of-plane bending of an elliptic plate
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Figure 12. Distribution of ✏xx; ✏yy; ✏xz and ✏yz in plane z = 0·3m (The legend in the upper part refers to the distribution
of ✏xx and ✏yy , and in the lower part to the distribution of ✏xz and ✏yz)

NAFEMS (National Agency for Finite Element Methods and Structures). The out-of-plate bending
is the key feature of interest. Due to a double symmetry, only a quarter of the plate is analysed.
Calculations were performed on &ve systematically re&ned grids ranging between 72 and 294 912

CVs. The grids are shown in Figure 11 together with the co-ordinate system adopted, with respect
to which the results are presented. The distribution of stress tensor components in plane z =0·3m
are plotted in Figure 12. The ✏zz component in this plane is almost constant (approximately
�0·55MPa).
The symmetry between ✏xx and ✏yy, and ✏xz and ✏yz stress components across planes x = y

and x = �y, which would be expected in the case of a circular plate with a circular hole, can
be noticed in a distorted form. The largest distortion exists in the region where the radius of
curvature of the inner ellipse is smallest. The stress components ✏xz and ✏yz are almost one order
of magnitude larger than other components and in this plane they dominate the distribution of the
e ective stress.
Although in this case there is no local stress concentration as in the previous one, the stresses

show strong variation in the whole domain and the variation is not monotonic.
In Figure 13 the distribution of the local stress component ✏ss along the local co-ordinate s is

presented for di erent grids. The local co-ordinate s runs along the upper inner edge of the plate
in the direction shown in Figure 11. This pro&le is the one proposed by NAFEMS for testing.
It should be noted that there are no computational points along such edges in &nite volume
discretization, so the values of the stress tensor components used to calculate ✏ss are obtained by
linearly extrapolating their values from the control volumes adjacent to the edge. In the case of
a circular plate with a circular hole, the value of ✏ss would be constant, so the distortion of the
pro&le that can be observed in Figure 13 is due to the change of curvature radius.
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isthekeyfeatureofinterest.Duetoadoublesymmetry,onlyaquarteroftheplateisanalysed.
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CVs.ThegridsareshowninFigure11togetherwiththeco-ordinatesystemadopted,withrespect
towhichtheresultsarepresented.Thedistributionofstresstensorcomponentsinplanez=0·3m
areplottedinFigure12.The✏zzcomponentinthisplaneisalmostconstant(approximately
�0·55MPa).
Thesymmetrybetween✏xxand✏yy,and✏xzand✏yzstresscomponentsacrossplanesx=y

andx=�y,whichwouldbeexpectedinthecaseofacircularplatewithacircularhole,can
benoticedinadistortedform.Thelargestdistortionexistsintheregionwheretheradiusof
curvatureoftheinnerellipseissmallest.Thestresscomponents✏xzand✏yzarealmostoneorder
ofmagnitudelargerthanothercomponentsandinthisplanetheydominatethedistributionofthe
e ectivestress.
Althoughinthiscasethereisnolocalstressconcentrationasinthepreviousone,thestresses

showstrongvariationinthewholedomainandthevariationisnotmonotonic.
InFigure13thedistributionofthelocalstresscomponent✏ssalongthelocalco-ordinatesis

presentedfordi erentgrids.Thelocalco-ordinatesrunsalongtheupperinneredgeoftheplate
inthedirectionshowninFigure11.Thispro&leistheoneproposedbyNAFEMSfortesting.
Itshouldbenotedthattherearenocomputationalpointsalongsuchedgesin&nitevolume
discretization,sothevaluesofthestresstensorcomponentsusedtocalculate✏ssareobtainedby
linearlyextrapolatingtheirvaluesfromthecontrolvolumesadjacenttotheedge.Inthecaseof
acircularplatewithacircularhole,thevalueof✏sswouldbeconstant,sothedistortionofthe
pro&lethatcanbeobservedinFigure13isduetothechangeofcurvatureradius.

INT.J.NUMER.METHODSENG.,VOL.40:1893–1908(1997)?1997byJohnWiley&Sons,Ltd.

1904I.DEMIRD?ZI=C,S.MUZAFERIJAANDM.PERI=C

Figure12.Distributionof✏xx;✏yy;✏xzand✏yzinplanez=0·3m(Thelegendintheupperpartreferstothedistribution
of✏xxand✏yy,andinthelowerparttothedistributionof✏xzand✏yz)

NAFEMS(NationalAgencyforFiniteElementMethodsandStructures).Theout-of-platebending
isthekeyfeatureofinterest.Duetoadoublesymmetry,onlyaquarteroftheplateisanalysed.

Calculationswereperformedon&vesystematicallyre&nedgridsrangingbetween72and294912
CVs.ThegridsareshowninFigure11togetherwiththeco-ordinatesystemadopted,withrespect
towhichtheresultsarepresented.Thedistributionofstresstensorcomponentsinplanez=0·3m
areplottedinFigure12.The✏zzcomponentinthisplaneisalmostconstant(approximately
�0·55MPa).

Thesymmetrybetween✏xxand✏yy,and✏xzand✏yzstresscomponentsacrossplanesx=y
andx=�y,whichwouldbeexpectedinthecaseofacircularplatewithacircularhole,can
benoticedinadistortedform.Thelargestdistortionexistsintheregionwheretheradiusof
curvatureoftheinnerellipseissmallest.Thestresscomponents✏xzand✏yzarealmostoneorder
ofmagnitudelargerthanothercomponentsandinthisplanetheydominatethedistributionofthe
e ectivestress.

Althoughinthiscasethereisnolocalstressconcentrationasinthepreviousone,thestresses
showstrongvariationinthewholedomainandthevariationisnotmonotonic.

InFigure13thedistributionofthelocalstresscomponent✏ssalongthelocalco-ordinatesis
presentedfordi erentgrids.Thelocalco-ordinatesrunsalongtheupperinneredgeoftheplate
inthedirectionshowninFigure11.Thispro&leistheoneproposedbyNAFEMSfortesting.
Itshouldbenotedthattherearenocomputationalpointsalongsuchedgesin&nitevolume
discretization,sothevaluesofthestresstensorcomponentsusedtocalculate✏ssareobtainedby
linearlyextrapolatingtheirvaluesfromthecontrolvolumesadjacenttotheedge.Inthecaseof
acircularplatewithacircularhole,thevalueof✏sswouldbeconstant,sothedistortionofthe
pro&lethatcanbeobservedinFigure13isduetothechangeofcurvatureradius.

INT.J.NUMER.METHODSENG.,VOL.40:1893–1908(1997)?1997byJohnWiley&Sons,Ltd.

1904 I. DEMIRD ?ZI =C, S. MUZAFERIJA AND M. PERI =C

Figure 12. Distribution of ✏xx; ✏yy; ✏xz and ✏yz in plane z = 0·3m (The legend in the upper part refers to the distribution
of ✏xx and ✏yy , and in the lower part to the distribution of ✏xz and ✏yz)
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is the key feature of interest. Due to a double symmetry, only a quarter of the plate is analysed.
Calculations were performed on &ve systematically re&ned grids ranging between 72 and 294 912

CVs. The grids are shown in Figure 11 together with the co-ordinate system adopted, with respect
to which the results are presented. The distribution of stress tensor components in plane z =0·3m
are plotted in Figure 12. The ✏zz component in this plane is almost constant (approximately
�0·55MPa).
The symmetry between ✏xx and ✏yy, and ✏xz and ✏yz stress components across planes x = y

and x = �y, which would be expected in the case of a circular plate with a circular hole, can
be noticed in a distorted form. The largest distortion exists in the region where the radius of
curvature of the inner ellipse is smallest. The stress components ✏xz and ✏yz are almost one order
of magnitude larger than other components and in this plane they dominate the distribution of the
e ective stress.
Although in this case there is no local stress concentration as in the previous one, the stresses

show strong variation in the whole domain and the variation is not monotonic.
In Figure 13 the distribution of the local stress component ✏ss along the local co-ordinate s is

presented for di erent grids. The local co-ordinate s runs along the upper inner edge of the plate
in the direction shown in Figure 11. This pro&le is the one proposed by NAFEMS for testing.
It should be noted that there are no computational points along such edges in &nite volume
discretization, so the values of the stress tensor components used to calculate ✏ss are obtained by
linearly extrapolating their values from the control volumes adjacent to the edge. In the case of
a circular plate with a circular hole, the value of ✏ss would be constant, so the distortion of the
pro&le that can be observed in Figure 13 is due to the change of curvature radius.
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curvature of the inner ellipse is smallest. The stress components ✏xz and ✏yz are almost one order
of magnitude larger than other components and in this plane they dominate the distribution of the
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Although in this case there is no local stress concentration as in the previous one, the stresses
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discretization, so the values of the stress tensor components used to calculate ✏ss are obtained by
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to which the results are presented. The distribution of stress tensor components in plane z =0·3m
are plotted in Figure 12. The ✏zz component in this plane is almost constant (approximately
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and x = �y, which would be expected in the case of a circular plate with a circular hole, can
be noticed in a distorted form. The largest distortion exists in the region where the radius of
curvature of the inner ellipse is smallest. The stress components ✏xz and ✏yz are almost one order
of magnitude larger than other components and in this plane they dominate the distribution of the
e ective stress.
Although in this case there is no local stress concentration as in the previous one, the stresses

show strong variation in the whole domain and the variation is not monotonic.
In Figure 13 the distribution of the local stress component ✏ss along the local co-ordinate s is
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in the direction shown in Figure 11. This pro&le is the one proposed by NAFEMS for testing.
It should be noted that there are no computational points along such edges in &nite volume
discretization, so the values of the stress tensor components used to calculate ✏ss are obtained by
linearly extrapolating their values from the control volumes adjacent to the edge. In the case of
a circular plate with a circular hole, the value of ✏ss would be constant, so the distortion of the
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Figure 9. Elliptic plate: stress component distributions on the plane z = 0.3 m (right) compared with results
from Demirdžić et al. [3] (left)

stress value given in the NAFEMS benchmark cannot be directly used for comparison as the fixed351

displacement boundary conditions used in the current study mimic those used in Demirdžić et al.352

[3] and do not correspond exactly to those in the NAFEMS benchmark.353

The distribution of the von Mises equivalent stress �
eq

=
q

3
2 |�0|2, where �0 is the deviatoric354

stress, and displacement components u and v, along r =
p

x

2 + y

2 = 2.1 m, z = 0.3 m, are355

shown in Figures 11(a) and 11(b). In each case, the predicted results converge towards the356

reference solutions. Figures 12(a), 12(b), and 12(c), show the distribution of equivalent stress and357

displacement components u and v along the line x = y, z = 0.3 m; the predicted results approach358

the reference solution in a similar manner to the previous plots.359

Table II shows the wall-clock times and memory requirements for each of the runs; for360

comparison, results are given for the segregated FV methods (Segregated 1 and Segregated 2),361

and commercial FE software Abaqus. Unlike in the previous 2-D test case where a direct LU362
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From Table I, it is clear to see that the developed coupled approach far outperforms the segregated314

approach showing speedups of over three orders of magnitude. It should be noted that this style of315

test case is a worst case scenario for a segregated approach, due to the dominant inter-component316

coupling. When compared with the FE procedure, the new approach is at least twice as fast for317

the examined meshes. Inspecting computer memory requirements, the coupled approach uses at318

least an order of magnitude more memory than the equivalent segregated approach; as previously319

discussed this is due to a combination of the extended implicit molecule, the inclusion of boundary320

face unknowns, and the additional memory requirements of a direct solver due to matrix fill-in.321

Comparing the coupled and the FE methods, the memory requirements are approximately the same,322

with the coupled method using slightly less; this is to be expected as the FE solution procedure also323

uses a block coupled approach with a direct solver.324

Out-of-Plane Bending of an Elliptic Plate325

This 3-D test case consists of a thick elliptic plate with a centred elliptic hole (Figure 8); a constant326

pressure of 1 MPa is applied to the upper surface, and the outer surface is fully clamped. The case327

has been described by the National Agency for Finite Element Methods and Standards (NAFEMS)328

[47], and in the context of the FV method has been examined and benchmarked in detail by329

Demirdžić et al. [3]. The assumed mechanical properties are Young’s modulus = 210 GPa and330

Poisson’s ratio = 0.3. Due to a double symmetry, only a quarter of the plate is analysed. The331

thickness of the plate is 0.6 m, and the inner and outer ellipses are given by:332

⇣
x

2

⌘2

+
⇣

y

1

⌘2

= 1 inner ellipse (26)
⇣

x

3.25

⌘2

+
⇣

y

2.75

⌘2

= 1 outer ellipse (27)

Results are calculated on five systematically refined hexahedral meshes (96, 576, 4 608, 36 864333

and 294 912 cells); this imitates closely the analysis of Demirdžić et al. [3], allowing fair334

comparison with their benchmark results. Subsequently, calculations are performed on tetrahedral335

and polyhedral meshes to examine the effect of employing fully unstructured grids.336

The predicted stress distributions of the coupled method on the plane z = 0.3 m, �
xx

, �
yy

, �
xz

337

and �
yz

components, are shown in Figures 9(a) and 9(b) side-by-side with those from Demirdžić338

et al. [3]; qualitatively, a close agreement can be seen with slight mismatches in the alignment of339

stress contours at the symmetry plane.340

The distribution of the local stress component �
ss

along the local co-ordinate s is presented for the341

5 hexahedral meshes in Figure 10(a), where the local co-ordinate s runs along the upper inner elliptic342

edge of the plate (see Figure 8). As the mesh is refined, the results can be seen to approach a grid343

independent solution and the reference solution from Demirdžić et al. [3]. The reference solutions344

have been generated by fitting cubic splines through the key point values given in Demirdžić et al.345

[3]. Examining the �
ss

stress at s = 0.0, as suggested in the NAFEMS benchmark, the percentage346

discretisation error is shown in Figure 10(b) to reduce at a second order rate with decreasing mesh347

spacing. The reference solution has been approximated using Richardson extrapolation [48] and the348

solution from the two finest meshes. As there are no FV computational nodes at the corner point,349

the stress values are extrapolated from adjacent boundary face-centres and cell-centres. The target350
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Figure 12. Distribution of ✏xx; ✏yy; ✏xz and ✏yz in plane z = 0·3m (The legend in the upper part refers to the distribution
of ✏xx and ✏yy , and in the lower part to the distribution of ✏xz and ✏yz)

NAFEMS (National Agency for Finite Element Methods and Structures). The out-of-plate bending
is the key feature of interest. Due to a double symmetry, only a quarter of the plate is analysed.
Calculations were performed on &ve systematically re&ned grids ranging between 72 and 294 912

CVs. The grids are shown in Figure 11 together with the co-ordinate system adopted, with respect
to which the results are presented. The distribution of stress tensor components in plane z =0·3m
are plotted in Figure 12. The ✏zz component in this plane is almost constant (approximately
�0·55MPa).
The symmetry between ✏xx and ✏yy, and ✏xz and ✏yz stress components across planes x = y

and x = �y, which would be expected in the case of a circular plate with a circular hole, can
be noticed in a distorted form. The largest distortion exists in the region where the radius of
curvature of the inner ellipse is smallest. The stress components ✏xz and ✏yz are almost one order
of magnitude larger than other components and in this plane they dominate the distribution of the
e ective stress.
Although in this case there is no local stress concentration as in the previous one, the stresses

show strong variation in the whole domain and the variation is not monotonic.
In Figure 13 the distribution of the local stress component ✏ss along the local co-ordinate s is

presented for di erent grids. The local co-ordinate s runs along the upper inner edge of the plate
in the direction shown in Figure 11. This pro&le is the one proposed by NAFEMS for testing.
It should be noted that there are no computational points along such edges in &nite volume
discretization, so the values of the stress tensor components used to calculate ✏ss are obtained by
linearly extrapolating their values from the control volumes adjacent to the edge. In the case of
a circular plate with a circular hole, the value of ✏ss would be constant, so the distortion of the
pro&le that can be observed in Figure 13 is due to the change of curvature radius.
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are plotted in Figure 12. The ✏zz component in this plane is almost constant (approximately
�0·55MPa).
The symmetry between ✏xx and ✏yy, and ✏xz and ✏yz stress components across planes x = y

and x = �y, which would be expected in the case of a circular plate with a circular hole, can
be noticed in a distorted form. The largest distortion exists in the region where the radius of
curvature of the inner ellipse is smallest. The stress components ✏xz and ✏yz are almost one order
of magnitude larger than other components and in this plane they dominate the distribution of the
e ective stress.
Although in this case there is no local stress concentration as in the previous one, the stresses

show strong variation in the whole domain and the variation is not monotonic.
In Figure 13 the distribution of the local stress component ✏ss along the local co-ordinate s is

presented for di erent grids. The local co-ordinate s runs along the upper inner edge of the plate
in the direction shown in Figure 11. This pro&le is the one proposed by NAFEMS for testing.
It should be noted that there are no computational points along such edges in &nite volume
discretization, so the values of the stress tensor components used to calculate ✏ss are obtained by
linearly extrapolating their values from the control volumes adjacent to the edge. In the case of
a circular plate with a circular hole, the value of ✏ss would be constant, so the distortion of the
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Figure 14. Elliptic plate: stress component distributions on the plane z = 0.3 m (right) for the hexahedral,
polyhedral and tetrahedral meshes compared with the Demirdžić et al. [3] benchmark and the Abaqus FE

hexahedral mesh solution

Figure 16 shows the �
xx

and �
yy

stress distributions on the plane z = 0.0 m for the finest398

mesh. When compared with the results of Demirdžić et al. [3], the stress contours are almost399

indistinguishable.400

Follow the proposed benchmark of Demirdžić et al. [3], the equivalent stress and displacement401

components are plotted along three separate profiles on the z = 0 plane: r = 1.5R, x = 0 and y = 0,402

where r and ✓ are the polar coordinates centred on the hole with ✓ = 0 at the bottom vertical section.403
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and x = �y, which would be expected in the case of a circular plate with a circular hole, can
be noticed in a distorted form. The largest distortion exists in the region where the radius of
curvature of the inner ellipse is smallest. The stress components ✏xz and ✏yz are almost one order
of magnitude larger than other components and in this plane they dominate the distribution of the
e ective stress.
Although in this case there is no local stress concentration as in the previous one, the stresses

show strong variation in the whole domain and the variation is not monotonic.
In Figure 13 the distribution of the local stress component ✏ss along the local co-ordinate s is

presented for di erent grids. The local co-ordinate s runs along the upper inner edge of the plate
in the direction shown in Figure 11. This pro&le is the one proposed by NAFEMS for testing.
It should be noted that there are no computational points along such edges in &nite volume
discretization, so the values of the stress tensor components used to calculate ✏ss are obtained by
linearly extrapolating their values from the control volumes adjacent to the edge. In the case of
a circular plate with a circular hole, the value of ✏ss would be constant, so the distortion of the
pro&le that can be observed in Figure 13 is due to the change of curvature radius.
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(a) Demirdžić et al. [3] Reference Solution

!!!!!!
!!!
!
!!!!!!!!!!
!!!!!!
!!!
!
!!!!!!!!!!!!!!!!!!!!!!!!!!

1904 I. DEMIRD ?ZI =C, S. MUZAFERIJA AND M. PERI =C

Figure 12. Distribution of ✏xx; ✏yy; ✏xz and ✏yz in plane z = 0·3m (The legend in the upper part refers to the distribution
of ✏xx and ✏yy , and in the lower part to the distribution of ✏xz and ✏yz)

NAFEMS (National Agency for Finite Element Methods and Structures). The out-of-plate bending
is the key feature of interest. Due to a double symmetry, only a quarter of the plate is analysed.
Calculations were performed on &ve systematically re&ned grids ranging between 72 and 294 912

CVs. The grids are shown in Figure 11 together with the co-ordinate system adopted, with respect
to which the results are presented. The distribution of stress tensor components in plane z =0·3m
are plotted in Figure 12. The ✏zz component in this plane is almost constant (approximately
�0·55MPa).
The symmetry between ✏xx and ✏yy, and ✏xz and ✏yz stress components across planes x = y

and x = �y, which would be expected in the case of a circular plate with a circular hole, can
be noticed in a distorted form. The largest distortion exists in the region where the radius of
curvature of the inner ellipse is smallest. The stress components ✏xz and ✏yz are almost one order
of magnitude larger than other components and in this plane they dominate the distribution of the
e ective stress.
Although in this case there is no local stress concentration as in the previous one, the stresses

show strong variation in the whole domain and the variation is not monotonic.
In Figure 13 the distribution of the local stress component ✏ss along the local co-ordinate s is

presented for di erent grids. The local co-ordinate s runs along the upper inner edge of the plate
in the direction shown in Figure 11. This pro&le is the one proposed by NAFEMS for testing.
It should be noted that there are no computational points along such edges in &nite volume
discretization, so the values of the stress tensor components used to calculate ✏ss are obtained by
linearly extrapolating their values from the control volumes adjacent to the edge. In the case of
a circular plate with a circular hole, the value of ✏ss would be constant, so the distortion of the
pro&le that can be observed in Figure 13 is due to the change of curvature radius.

INT. J. NUMER. METHODS ENG., VOL. 40: 1893–1908 (1997) ? 1997 by John Wiley & Sons, Ltd.

1904 I. DEMIRD ?ZI =C, S. MUZAFERIJA AND M. PERI =C

Figure 12. Distribution of ✏xx; ✏yy; ✏xz and ✏yz in plane z = 0·3m (The legend in the upper part refers to the distribution
of ✏xx and ✏yy , and in the lower part to the distribution of ✏xz and ✏yz)

NAFEMS (National Agency for Finite Element Methods and Structures). The out-of-plate bending
is the key feature of interest. Due to a double symmetry, only a quarter of the plate is analysed.
Calculations were performed on &ve systematically re&ned grids ranging between 72 and 294 912

CVs. The grids are shown in Figure 11 together with the co-ordinate system adopted, with respect
to which the results are presented. The distribution of stress tensor components in plane z =0·3m
are plotted in Figure 12. The ✏zz component in this plane is almost constant (approximately
�0·55MPa).
The symmetry between ✏xx and ✏yy, and ✏xz and ✏yz stress components across planes x = y

and x = �y, which would be expected in the case of a circular plate with a circular hole, can
be noticed in a distorted form. The largest distortion exists in the region where the radius of
curvature of the inner ellipse is smallest. The stress components ✏xz and ✏yz are almost one order
of magnitude larger than other components and in this plane they dominate the distribution of the
e ective stress.
Although in this case there is no local stress concentration as in the previous one, the stresses

show strong variation in the whole domain and the variation is not monotonic.
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presented for di erent grids. The local co-ordinate s runs along the upper inner edge of the plate
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It should be noted that there are no computational points along such edges in &nite volume
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Figure 14. Elliptic plate: stress component distributions on the plane z = 0.3 m (right) for the hexahedral,
polyhedral and tetrahedral meshes compared with the Demirdžić et al. [3] benchmark and the Abaqus FE

hexahedral mesh solution

Figure 16 shows the �
xx

and �
yy

stress distributions on the plane z = 0.0 m for the finest398

mesh. When compared with the results of Demirdžić et al. [3], the stress contours are almost399

indistinguishable.400

Follow the proposed benchmark of Demirdžić et al. [3], the equivalent stress and displacement401

components are plotted along three separate profiles on the z = 0 plane: r = 1.5R, x = 0 and y = 0,402

where r and ✓ are the polar coordinates centred on the hole with ✓ = 0 at the bottom vertical section.403
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Figure 12. Elliptic plate: distribution of equivalent stress and displacement components u and v along x = y,
z = 0.3 m

Coupled Segregated1 Segregated2 Abaqus
Mesh Time Memory Time Memory Time Memory Time Memory
72 0.03 7 0.5 6 0.5 6 4 24
576 0.15 13 1 8 2 9 5 31
4 608 1.6 51 6.5 20 14 30 6 107
36 864 11 300 102 80 145 120 34 1 197
294 912 242 2 200 1 474 500 1 990 800 1 375 17 900

Table II. Elliptic plate: wall-clock time (in s) and maximum memory usage (in MB)

of the meshes are shown in Appendix B. The stresses and displacements for the polyhedral and381

tetrahedral meshes are compared with results from the finest hexahedral solution and Demirdžić382

et al. [3] benchmark solution in Figure 13. Additionally, solutions are given for comparison using383

commercial FE software Abaqus where the finest hexahedral mesh has been used. In each case, both384

the polyhedral and tetrahedral results are seen to be very close to that of the hexahedral solution, the385

reference solution, and the FE solution. The stress contours in the z = 0.3 m x-y plane are shown386

in Figure 14, comparing with solutions from the finest hexahedral mesh, the Demirdžić et al. [3]387

benchmark, and the Abaqus solution: all results are seen to agree closely.388
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Figure 5. T-pro&le subjected to unidirectional tensile loads

the same on each grid. Actually, the total number of &ne grid iterations reduces as the grid gets
&ner, due to the e ect of using a good initial &eld provided by the full multigrid.
This test case is suitable for assessing the accuracy and the order of the solution method, since

the discretization error can be exactly calculated. Note that two methods of the same order may,
on a given grid, have discretization errors which di er by as much as an order of magnitude; the
order of the discretization only de&nes the rate of error reduction with grid re&nement and is not
a su⇢cient measure of the method accuracy.

4.2. A narrow member with a T cross-section subjected to a uniform tension

A narrow member with a T cross-section is a common element in engineering and at the same
time it has a simple geometry which is easy to de&ne. Holes of radius R are usually drilled
at the otherwise sharp corners in order to reduce stress concentrations. Due to the symmetry of
the problem only a quarter of the member has been considered. The solution domain showing
dimensions and the prescribed boundary conditions is depicted in Figure 5. The Dange is &xed at
its two ends while the uniformly distributed traction force acts along the bottom part of the web.
The calculation is performed on four successively re&ned grids, the coarsest having 624 and the

&nest 319 488 CVs. These two grids are shown in Figure 6 together with the perspective view on
the second grid from which one can see the grid distribution in the z direction.
The distributions of ✏xx and ✏yy stresses in the z = 0 plane obtained on the &nest grid are shown

in Figure 7, where one can see the large stress concentration around the hole. Apart from regions
around the hole and the &xed end of the member, the distribution of stresses is fairly smooth.
In order to simplify the presentation of the results, pro&les of the e ective stress, which combines

all six independent stress components,

✏e =
�

1
2

⌅
(✏xx � ✏yy)2 + (✏yy � ✏zz)2 + (✏zz � ✏xx)2

 
+ 3(✏2xy + ✏2yz + ✏2zx) (10)
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Figure 15. Narrow T-section component
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Figure 6. Coarsest and &nest numerical grid (top) and perspective view on the second grid (bottom)

Figure 7. Distribution of ✏xx (left) and ✏yy (right) stresses in plane z = 0
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Figure 16. Narrow T-section component: stress component distributions on the plane z = 0.0 m (right)
compared with results from Demirdžić et al. [3] (left)

The predictions for the four hexahedral meshes are shown in Figures 17, 18 and 19. The results404
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benchmark and the Abaqus FE hexahedral results
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A. APPENDIX: IMPLICIT COMPUTATIONAL MOLECULE

The extended implicit computational molecule for triangular and general polygonal meshes are446

shown in Figure 22.447
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Figure 22. Extended implicit computational molecule for triangular and general polygonal meshes

B. APPENDIX: POLYHEDRAL AND TETRAHEDRAL MESHES

The tetrahedral and general polyhedral meshes employed in the elliptic plate test case are shown448

in Figure 23. The tetrahedral and general polyhedral meshes employed in the narrow T-section449

component test case are shown in Figure 24.

(a) Tetrahedral mesh (b) General polyhedral mesh

Figure 23. Elliptic plate: cross-section of the tetrahedral and general polyhedral meshes

450
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The results are very similar to those in the previous 3-D test case, where the new coupled method410

requires approximately a factor of 4 less wall-clock time and a factor of 4 more memory than the411

segregated FV methods. When compared with the Abaqus FE solution, the new coupled method is412

once again found to require less time and less memory; for the finest grid, 3 times less wall-clock413

time, and 5 times less memory, is required.

Coupled Segregated1 Segregated2 Abaqus
Mesh Time Memory Time Memory Time Memory Time Memory
624 0.2 15 0.7 8 1.5 10 2 98
4 992 2 58 6 24 10 30 3 102
39 936 29 340 98 88 416 140 33 1 500
319 488 421 2 400 2 220 560 2 647 900 1 236 13 000

Table III. Narrow T-section component: wall-clock time (in s) and maximum memory usage (in MB)

414

As in the previous test case, results from a polyhedral and tetrahedral mesh are compared with415

those of the finest hexahedral mesh, the Demirdžić et al. [3] benchmark solution, and the Abaqus416

FE solution, shown in Figure 20. The polyhedral and tetrahedral meshes have been generated using417

cfMesh, where the polyhedral mesh contains 337 085 cells and the tetrahedral contains 282 415418

cells; images of meshes are shown in Appendix B. Figure 21 shows the stress and displacement419

predictions along the benchmark profiles for the polyhedral and tetrahedral meshes; for comparison,420

results are given for the finest hexahedral mesh, the Demirdžić et al. [3] benchmark, and FE software421

Abaqus where the finest hexahedral mesh was used. All predictions are seen to agree closely; the422

largest discrepancy can be seen in the displacement component v in Figure 20(e); however, this is423

magnified by the vertical axis scale. Small oscillations are present in the tetrahedral mesh solution,424

which are visible is the stress distribution images and the stress/displacement plots. Although the425

origins not clear, these oscillations may be related to the so-called checker-boarding issues that can426

occur with cell-centred FV methods; this will be examined further in future work, and a number of427

the previously proposed preventative methods will be considered.428

5. DISCUSSION & CONCLUSIONS

A new fully implicit block-coupled FV methodology has been presented, including a face tangential429

derivative approximation based on least squares Finite Area method. The accuracy of the method430

has been shown through detailed comparison with analytical solutions and numerical benchmarks.431

For the cases examined, the new method has been found to be faster than the segregated FV methods432

in every instance, with approximate speed-ups of 5 times. In particular, the coupled method shows433

speed-ups of three orders of magnitude for the simple 2-D bending cantilever test case. As expected,434

the new method required approximately 4 times as much memory as the memory efficient segregated435

methods. When compared with a commercial FE software, the new method has been found to be436

faster in every case, where for the elliptic plate test case the new coupled method is almost 6 times437

faster. Examining memory requirements, it was clear that the iterative BiCGStab employed by the438

new method scaled more favourably than the FE solution direct solver, with a factor of 8 difference439
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Figure 6. Upsetting a billet: force vs. displacement, and deformed geometry at 45% and 60% upset
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Figure 7. Upsetting a billet: predicted equivalent plastic strain distribution for the current OpenFOAM
implementation, compared with Abaqus (FE) predictions

Peech et al. [76] and has previously been employed as a validation case for FE solvers. In the current355

case, the results are compared with predictions from FE commercial software Abaqus. The problem356

geometry is shown in Figure 9(a) and is represented here as plane strain 2-D. The inner pipe radius357

r

i

is 48.28 mm and the outer pipe radius r

o

is 57.15 mm. The mechanical properties of the pipe358

are given in Table III. A rigid frictionless platen crushes the pipe through a displacement of 70 mm359

i.e. the pipe diameter is reduced from 2 ⇥ 57.15 = 114.3 mm to 44.3 mm in the crushing direction.360

Transient effects are neglected. Due to symmetry, one quarter on the pipe cross-section is modelled361
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Figure 5. Upsetting a billet: geometry, loading and mesh

Young’s modulus E 200 GPa

Poisson’s ratio ⌫ 0.3
Initial yield stress �

Y

700 MPa

Hardening parameter  300 MPa

Table II. Upsetting a billet: mechanical properties

can be seen to quickly converge to a mesh independent solution, close to the Taylor [72] prediction.334

Figures 6(b) and 6(c) show the deformed shape of the billet (mesh containing 2 304 cells) for two335

stages of increasing deformation; the level of mesh distortion is evident, in particular, folding of the336

billet at the upper corner is predicted.337

The predicted equivalent plastic strain distribution at 60% upset is shown in Figure 7, where338

for completeness both the cell-wise and vertex-wise distributions are shown; the cell-wise (average339

value in the cell) distribution is the direct output of the cell-centred FV method, whereas the vertex-340

wise distributions are calculated in a post-processing interpolation step. The predictions obtained341

using commercial FE software Abaqus (version 6.11-1 - reduced integration bi-linear quadrilaterals)342

and the 9 216 cell mesh are shown for comparison.343

The predictions for the equivalent plastic strain distribution have been generated using the344

modified approach for the relative Jacobian; the predicted equivalent plastic strain distribution using345

the standard is almost identical; however, when the hydrostatic pressure distribution is examined,346

the differences between the methods can be seen. Figure 8 compares the predicted hydrostatic347

pressure distribution using the standard and modified approaches, where Abaqus FE results are348

given for reference. It is clear to see that hydrostatic pressure oscillations are present when using349

the standard approach, whereas the modified approach, in general, successfully eliminates the350

oscillations. Some minor oscillations are, however, still present.351

4.3. Crushing of a Pipe352

This test case, previously considered by Taylor [72], consists of a thick-walled pipe compressed353

between two parallel flat rigid frictionless platens. This case is based on the experimental study by354
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stages of increasing deformation; the level of mesh distortion is evident, in particular, folding of the336

billet at the upper corner is predicted.337

The predicted equivalent plastic strain distribution at 60% upset is shown in Figure 7, where338

for completeness both the cell-wise and vertex-wise distributions are shown; the cell-wise (average339

value in the cell) distribution is the direct output of the cell-centred FV method, whereas the vertex-340

wise distributions are calculated in a post-processing interpolation step. The predictions obtained341

using commercial FE software Abaqus (version 6.11-1 - reduced integration bi-linear quadrilaterals)342

and the 9 216 cell mesh are shown for comparison.343

The predictions for the equivalent plastic strain distribution have been generated using the344

modified approach for the relative Jacobian; the predicted equivalent plastic strain distribution using345

the standard is almost identical; however, when the hydrostatic pressure distribution is examined,346

the differences between the methods can be seen. Figure 8 compares the predicted hydrostatic347

pressure distribution using the standard and modified approaches, where Abaqus FE results are348

given for reference. It is clear to see that hydrostatic pressure oscillations are present when using349

the standard approach, whereas the modified approach, in general, successfully eliminates the350

oscillations. Some minor oscillations are, however, still present.351

4.3. Crushing of a Pipe352

This test case, previously considered by Taylor [72], consists of a thick-walled pipe compressed353

between two parallel flat rigid frictionless platens. This case is based on the experimental study by354
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Figure 7. Upsetting a billet: predicted equivalent plastic strain distribution for the current OpenFOAM
implementation, compared with Abaqus (FE) predictions

Peech et al. [76] and has previously been employed as a validation case for FE solvers. In the current355

case, the results are compared with predictions from FE commercial software Abaqus. The problem356

geometry is shown in Figure 9(a) and is represented here as plane strain 2-D. The inner pipe radius357

r

i

is 48.28 mm and the outer pipe radius r

o

is 57.15 mm. The mechanical properties of the pipe358

are given in Table III. A rigid frictionless platen crushes the pipe through a displacement of 70 mm359

i.e. the pipe diameter is reduced from 2 ⇥ 57.15 = 114.3 mm to 44.3 mm in the crushing direction.360

Transient effects are neglected. Due to symmetry, one quarter on the pipe cross-section is modelled361
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Figure 8. Upsetting a billet: predicted hydrostatic pressure distribution for the current OpenFOAM
implementation, compared with Abaqus (FE) predictions

and symmetry plane conditions are employed. A frictionless penalty contact procedure is applied362

between the rigid die and the outer pipe boundary. Four separate successively refined meshes are363

examined, consisting of 64, 256, 1 024, and 4 096 quadrilateral cells; the coarsest mesh is shown in364

Figure 9(b).

� = 70 mm

r

o

= 57.15 mm
r

i

= 48.28 mm

(a) Geometry (b) 2-D Plane Strain Mesh

Figure 9. Crushing of a pipe: problem geometry and mesh
365

The models have been solved in 1 000 quasi-static time increments, in double precision using 8366

CPU cores (2.4 GHz Intel Ivy Bridge cores). The wall-clock time required ranged from 26 min for367

the coarsest mesh to 333 min for the finest mesh.368

The problem has additionally been analysed using commercial FE software Abaqus and the 4 096369

cell mesh; the elements are assigned with reduced integration bi-linear shape functions.370
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Young’s modulus E 186 GPa

Poisson’s ratio ⌫ 0.3
Initial yield stress �

Y

241.32 MPa

Hardening Plastic strain Yield stress (in MPa)
0 241.32
0.0035 275.79
0.0083 301.65
0.0133 318.88
0.0182 344.74
0.0281 361.98
0.0380 379.21
1 1 482.37

Table III. Crushing of a pipe: mechanical properties

Examining the predicted force versus displacement traces for the different meshes (Figure 10), it371

can be seen that there are oscillations in the force that reduce with increasing mesh density: these372

may be attributed to discrete faces entering the contact area; similar oscillations would be expected373

with standard FE contact procedures. As the mesh is refined, the predicted forces are seen to closely374

match the FE Abaqus fine mesh prediction.
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Figure 10. Crushing of a pipe: force vs. displacement
375

The deformed pipe geometry, at four stages of compression, is shown in Figure 11, including376

a comparison of the predicted hydrostatic pressure distribution with the Abaqus FE predictions.377

Comparing the cell-wise hydrostatic pressure distributions for the modified and standard relative378

Jacobian calculation methods, it can once again be seen that the standard approach suffers from379

erroneous oscillations, which are largely alleviated by the modified approach. The prediction using380

the modified approach can be seen to agree closely with the FE Abaqus predictions.381

4.4. Necking of a Cylindrical Bar382

The necking of a cylindrical bar subjected to uniaxial tension has been commonly employed as383

a test case to examine the ability of large strain plasticity procedures. The problem geometry is384
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OpenFOAM cell-wise (modified approach)

OpenFOAM cell-wise (standard approach)

Figure 11. Crushing of a pipe: deformed geometry showing hydrostatic pressure distribution

shown in Figure 12 and is represented here as axisymmetric. The initial cylindrical bar radius r0385

is 6.413 mm and the initial length l0 is 53.334 mm, where there is no initially narrowed neck386

region. The mechanical properties of the bar are given in Table IV. The two end surfaces of the387

bar are slowly displaced through a distance of 7 mm in opposite directions, where no tangential388

contraction of the ends is allowed i.e. the tangential displacement is zero. Transient effects are389
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neglected. Due to symmetry, one half of the bar is simulated and symmetry plane conditions are390

employed. Four separate successively refined meshes are examined, consisting of 150, 600, 2 400391

and 9 600 quadrilateral cells; the coarsest mesh is shown in Figure 12, where the mesh is refined392

near the expected neck, similar to the setup of Simo and Hughes [8]. The modified approach for the393

relative Jacobian calculation has been employed.Problem Definition

�

53.334 mm

radius = 6.413 mm 

Note: no initially 
narrowed neck region

= (0, 7, 0) mm

�= (0, -7, 0) mmx

y

z

� = (0, 7, 0) mm

traction-free

Figure 12. Necking of a cylindrical bar: problem geometry and mesh (150 cells)

Young’s modulus E 200 GPa

Poisson’s ratio ⌫ 0.3
Initial yield stress �

Y

451 MPa

Hardening Plastic strain Yield stress (in MPa)
0.000 451
0.006 476
0.019 525
0.038 583
0.066 642
0.147 710
0.500 777
1.000 831

Table IV. Necking of a cylindrical bar: mechanical properties

394

The models have been solved in 500 quasi-static time increments, in double precision using 8395

CPU cores (2.4 GHz Intel Ivy Bridge cores). The required wall-clock time ranged from 20 min for396

the coarsest mesh to 5 h for the finest mesh.397
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Once again for comparison, the problem has additionally been analysed using commercial FE398

software Abaqus and the 9 600 cell mesh.399

The predicted force versus axial elongation is shown for the different mesh densities in Figure400

13(a); the predictions can be seen to approach the Abaqus FE fine mesh solution. In Figure 13(b),401

the neck radius is plotted against the axial elongation and is once again shown to match closely the402

Abaqus FE fine mesh solution as the mesh is refined. The predicted deformed geometry is shown in
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Figure 13. Necking of a cylindrical bar: loading force and neck radius vs. axial elongation
403

Figure 14, where hydrostatic pressure and equivalent plastic strains distributions are compared with404

the Abaqus FE predictions; for completeness, the cell-wise distributions are also shown.405

4.5. Flat Rolling of Wire406

This test case comprises the flat rolling of an initially cylindrical wire, and highlights the capabilities407

of the method for the nontrivial 3-D problems. The problem geometry, shown in Figure 15(a),408

consists of a cylindrical wire, initial diameter �

w

= 2.7 mm, rolled between two cylindrical rollers,409

diameters �

r

= 178 mm. The gap between the rollers is � = 1.89 mm corresponding to a linear wire410

reduction of 30%. Due to symmetry, only one quarter of the domain is simulated. Transient effects411

are included. The roller, represented here as a rigid surface, is rotating at 6.28 rad/s, corresponding412

to 60 revolutions per minute. A penalty contact procedure is applied between the rigid roller and413

the outer wire boundary, with a Coulomb friction coefficient of 0.1. The mechanical properties of414

the wire are given in Table V. Five successively refined meshes are examined, consisting of 780,415

2 550, 19 500, 154 200, and 1 230 000 hexahedral cells; the second coarsest mesh is shown in416

Figure 15(b). In the initial stage of the simulation (over the first 40 time-steps), the roller is lowered417

to the required gap and accelerated to the specified angular velocity; subsequently, upstream and418

downstream tensions are applied to the wire. The simulation proceeds until the predicted quantities,419

such as force, torque and wire cross-section, have reached steady-state. The modified approach for420

the relative Jacobian calculation has been employed.421

The predicted steady-state deformed cross-section of the wire is shown in Figure 16; the422

equivalent plastic strain in the wire cross-section is shown in Figure 16(a), where bands of localised423

plasticity, known as the blacksmith’s cross, can be seen forming an X pattern, e.g. see [77]; the424

predicted hydrostatic pressure distribution is shown in Figure 16(b); for completeness, both cell-425

wise and vertex-wise field distributions are shown.426
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Figure 14. Necking of a cylindrical bar: predicted deformed geometry, showing hydrostatic pressure and
equivalent plastic strain distributions
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= 178 mm

� = 6.28 rad s�1

�
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.7 mm

� = 1.89 mm

(a) Problem definition (b) Wire mesh (2 550 cells) and rigid roller

Figure 15. Flat rolling of wire: problem geometry and mesh

Using Richardson extrapolation [78] based on the solutions from the two finest meshes (mesh 4427

and mesh 5), the asymptotic mesh independent predictions for the roller force, torque and power428

are calculated to be 16.35 kN, 62.85 Nm and 394.70 W respectively. Using these extrapolated429

predictions as a reference, the discretisation error is shown to reduce at the expected second-order430

rate (Figure 17).431
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M. Aguirre et al. / Journal of Computational Physics 259 (2014) 672–699 697

Fig. 27. Setup of the Taylor test problem.

Fig. 28. Taylor copper bar impact test. Initial velocity v = 227 m/s. Comparison of plastic strain at times t = 20 µs, t = 40 µs, t = 60 µs and t = 80 µs.
Young’s modulus E = 117 GPa, density ρ0 = 8.930 × 103 kg/m3, Poisson’s ratio ν = 0.35, Yield stress, τ̄ 0

y = 0.4 GPa and hardening modulus H = 0.1 GPa.
JST spatial discretisation with 1361 nodes, κ (4) = 1/4096 and αCFL = 0.4.

numerical algorithm is modified to ensure preservation of linear and angular momenta. Crucially, numerical results demon-
strate second order convergence for both stresses and velocities, with excellent behaviour in bending dominated scenarios.
Implementation of plasticity, or other constitutive models, proves to be straightforward. The obtained solutions compare
well with other alternative methodologies, such as cell centred Finite Volume or stabilised Petrov–Galerkin, previously pub-
lished by the authors. Despite providing more dissipative solutions, the JST method constitutes an important alternative, as
compared to other schemes, due to its computational efficiency.

The proposed methodology allows for further research including irreversible processes involving shocks, which can be
dealt with through more complex constitutive models and the built-in shock capturing term. In addition, contact problems
can as well be investigated by using alternative Riemann solvers on the external faces. A further improvement under inves-
tigation is the development of a time integration scheme which does not require the a posteriori correction of the interface
tractions in order to satisfy conservation of angular momentum.

� = 20 mm

h = 30 mm

� = 18 mm

v0 = 227 ms�1

r0 = 3.2 mm

l0 = 32.4 mm

Figure 19. Impact of cylinder against a rigid wall: problem geometry and mesh (image adapted from [54])

The developed methodology has been tested on six elastoplastic benchmark test cases, where461

the spatial discretisation has been shown to be second-order accurate. For the cases examined, the462

predictions of the new method agree well with the available analytical solutions and comparative463

numerical solutions. A newly proposed modification to the discretisation of the relative Jacobian464

has been found to alleviate the issue of erroneous oscillations appearing in the predicted hydrostatic465

pressure distribution. From the test cases examined, the new method can be considered as a practical466

alternative to standard FE methods for simulation of metal forming problems.467

5.1. Limitations468

The proposed modification to the discretisation of the relative Jacobian has been found, in general, to469

alleviate erroneous hydrostatic pressure oscillations; however, some minor oscillations can remain.470

It is expected that extending the approach to use a hybrid pressure-displacement method (e.g.471

see [30, 56]) would fully resolve this issue and potentially result in a more efficient procedure.472

Additional future improvements will focus on the inclusion of adaptive/dynamic mesh procedures473

to maintain the mesh quality; combining one of the many of mesh motion solvers already employed474

in FV procedures with a conservative mapping polyhedral method (e.g. [81]) would increase the475

capabilities for more severe deformation cases.476
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4.6. Impact of cylinder against a rigid wall442

The final test consists of a cylindrical bar of copper impacting a rigid wall, where the initial radius443

r0 = 3.2 mm, the initial length l0 = 32.4 mm, and the initial velocity v = 227 m/s. The case444

highlights the applicability of the current method for impact scenarios. A schematic of the problem445

geometry is shown in Figure 19 and is represented here as axisymmetric; four successively refined446

quadrilateral meshes are employed, containing 90, 360, 1 440, and 5 760 cells. The mechanical447

properties are given in Table VI. Transient effects are included. A frictionless penalty contact448

procedure is applied between the rigid ground and the cylinder lower boundary. The modified449

approach for the relative Jacobian calculation has been employed.450

The model has been solved in 1000 time increments, in double precision using 8 CPU core (2.4451

GHz Intel Ivy Bridge cores), with wall-clock times ranging from 10 to 90 min.

Initial density ⇢ 8930 kg/m3

Young’s modulus E 117 GPa

Poisson’s ratio ⌫ 0.35
Initial yield stress �

Y

400 MPa

Hardening modulus  100 MPa

Table VI. Impact of cylinder against a rigid wall: mechanical properties

452

The predicted deformed geometry is shown for four separate time instances in Figure 20, where453

the numerical results predicted by Aguirre et al. [54] are shown for comparison. Table VII compares454

the final end radius of the bar at 80 µs, for the 5 760 cell mesh, to numerical results from other455

methodologies [54, 80], where good agreement is found.456

5. DISCUSSION & CONCLUSIONS

In this paper, a Lagrangian cell-centred FV discretisation method with segregated solution457

methodology is presented. The governing equations are described in updated Lagrangian form458
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Fig. 27. Setup of the Taylor test problem.

Fig. 28. Taylor copper bar impact test. Initial velocity v = 227 m/s. Comparison of plastic strain at times t = 20 µs, t = 40 µs, t = 60 µs and t = 80 µs.
Young’s modulus E = 117 GPa, density ρ0 = 8.930 × 103 kg/m3, Poisson’s ratio ν = 0.35, Yield stress, τ̄ 0

y = 0.4 GPa and hardening modulus H = 0.1 GPa.
JST spatial discretisation with 1361 nodes, κ (4) = 1/4096 and αCFL = 0.4.

numerical algorithm is modified to ensure preservation of linear and angular momenta. Crucially, numerical results demon-
strate second order convergence for both stresses and velocities, with excellent behaviour in bending dominated scenarios.
Implementation of plasticity, or other constitutive models, proves to be straightforward. The obtained solutions compare
well with other alternative methodologies, such as cell centred Finite Volume or stabilised Petrov–Galerkin, previously pub-
lished by the authors. Despite providing more dissipative solutions, the JST method constitutes an important alternative, as
compared to other schemes, due to its computational efficiency.

The proposed methodology allows for further research including irreversible processes involving shocks, which can be
dealt with through more complex constitutive models and the built-in shock capturing term. In addition, contact problems
can as well be investigated by using alternative Riemann solvers on the external faces. A further improvement under inves-
tigation is the development of a time integration scheme which does not require the a posteriori correction of the interface
tractions in order to satisfy conservation of angular momentum.
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Fig. 28. Taylor copper bar impact test. Initial velocity v = 227 m/s. Comparison of plastic strain at times t = 20 µs, t = 40 µs, t = 60 µs and t = 80 µs.
Young’s modulus E = 117 GPa, density ρ0 = 8.930 × 103 kg/m3, Poisson’s ratio ν = 0.35, Yield stress, τ̄ 0

y = 0.4 GPa and hardening modulus H = 0.1 GPa.
JST spatial discretisation with 1361 nodes, κ (4) = 1/4096 and αCFL = 0.4.

numerical algorithm is modified to ensure preservation of linear and angular momenta. Crucially, numerical results demon-
strate second order convergence for both stresses and velocities, with excellent behaviour in bending dominated scenarios.
Implementation of plasticity, or other constitutive models, proves to be straightforward. The obtained solutions compare
well with other alternative methodologies, such as cell centred Finite Volume or stabilised Petrov–Galerkin, previously pub-
lished by the authors. Despite providing more dissipative solutions, the JST method constitutes an important alternative, as
compared to other schemes, due to its computational efficiency.

The proposed methodology allows for further research including irreversible processes involving shocks, which can be
dealt with through more complex constitutive models and the built-in shock capturing term. In addition, contact problems
can as well be investigated by using alternative Riemann solvers on the external faces. A further improvement under inves-
tigation is the development of a time integration scheme which does not require the a posteriori correction of the interface
tractions in order to satisfy conservation of angular momentum.

(b) Deformed geometry predicted by Aguirre et al. [54]

Figure 20. Impact of cylinder against a rigid wall: deformed geometry showing the equivalent plastic strain
distribution

A. APPENDIX: RECONSTRUCTION OF THE CELL-CENTRE GRADIENT OF
DISPLACEMENT INCREMENT

Within a control volume, the face-centred value of a tensor field � may be obtained through a Taylor
series expansion (higher order terms neglected) about the cell-centre:

�
P

+ (r
f

� r
P

) · (r�)
P

= �
f

(25)

where r
f

is the positional vector of the face-centre, and r
P

is the positional vector of the cell-centre,481

as shown schematically in Figure 2; subscript f indicates a face-centre value, whereas subscript P482

indicates a cell-centre value.483
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Summary & Conclusions

OpenFOAM solvers have been developed with the significant capabilities for solid mechanics 
analyses, where strict benchmarking against industry standard commercial software has been 
performed.

For linear problems:
• Fully implicit block-coupled procedure for linear elasticity
• Impressive efficiency compared with standard FE approaches
• Equivalent accuracy to standard linear FE approaches

For nonlinear problems:
• A large strain elasto-plastic updated Lagrangian solver with frictional contact boundary 

conditions
• straight-forward implementation of complex nonlinear constitutive laws
• Efficient parallelisation
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